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The smallest number of vertices, edges, or faces of any 3-polytope with no 
Hamiltonian path is determined. Similar results are found for simplicial polytopes 
with no Hamiltonian path. 
In Chapter 17 of [3], Klee poses the following problem. 
minimum number of vertices, edges, and facets for &polytopes or 
simplicial d-polytopes not admitting Hamiltonian circuits or paths ? 
Recently, Barnette and JucoviG [l] have solved the three-dimensional 
problem in the case of Hamiltonian circuits. They remark at the end of the 
paper that Klee’s problem concerning minimal 3-polytopes or simphcial 
3-polytopes whose graphs do not have Ham~lto~ian paths is still open. 
It is the purpose of this work to show that these rni~~rn~rn numbers are 
(14,24, 12) and (14, 36, 24), respectively. 
A Hamiltonian path (circuit) of a graph G is a simple path (circ~uit) 
which involves all the vertices of G. Let G be a 3-connected graph embed- 
ded in the plane V. By a face of G we mean the circuit of G bounding a 
connected component of 7~ \ G. The graph G is said to be obtained 
from a graph 6’ by face splitting provided G is obtained from 
G’ by adding an edge across a face of G’. Figure I shows the three ways 
in which this can be done. The inverse of face splitting is removing edges. 
An edge e of G is called removable provided the graph G \ e is homeo- 
morphic to some planar 3-connected graph G(E). 
We shall use the following two results of Steinitz 14-j: 
LEMU 1. A graph G is 3-polyhedral (i.e., ~s~rnor~h~~ to the graph of 
some 3-polytope) provided it is planar and 3-connected. 
LET&MA 2. If G is a 3-polyhedral graph then there exists a sequence of 
graphs T = G, , G, ,..., G,-, , G, = G such that Gi is obtained from Giwn 
by face splitting, and T is the graph of the tetrahedron. 
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FIG. 1. Face splitting. 
We shall also need the following two results of Barnette and JucoviE [l]: 
LEMMA 3. Let G be a 3-polyhedral graph, G # T. If F is a triangular 
face of G then F has a removable edge. 
LEMMA 4. If G is a 3-polyhedral graph, G # T, and F is a triangular 
face with a 3-valent vertex V, then the edge e of G not meeting v is removable. 
We may now use these results in a similar manner to the proof of 
Lemma 3 of [l] in order to derive the following result: 
LEMMA 5. If G is a 3-polyhedral graph, G # T, F is a triangular face of 
G, and G contains no Hamiltonian path, then there is an edge e of F such 
that G(e) has no Hamiltonian path. 
THEOREM 1. The minimum number of vertices of a 3-polytope whose 
graph does not admit a Hamiltonianpath is 14. 
Proof. We need to show that, if a 3-polyhedral graph G has fewer than 
14 vertices, then it has a Hamiltonian path. Because of Lemma 5, we need 
only consider those graphs without triangular faces. 
Case 1. G has on n-valent vertex n 3 6. For the graph to be planar and 
3-connected we need at least 14 vertices. 
Case 2. G has a 5-valent vertex v. If there is an n-sided face (n > 5) 
containing v, then to ensure the 3-polyhedrality we need at least 14 vertices. 
So we may assume that all the faces containing v are 4-sided. 
(2a): G has 12 vertices. In this case G has to be the graph depicted in 
Fig. 2, which has a Hamiltonian path as indicated. 
(2b): G has 13 vertices. 
It is easy to see that each of 3,5,7,9,11 must be joined to either 12 or 13. 
If 12 and 13 joined then, since 12 has to be joined to at least one of 3, 5, 
7, 9, 11, we have a Hamiltonian path. If we have (7, 12) and (5, 13) as 
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FIG. 2. Theorem 1, case (24: 12 vertices. 
edges, then (12, 7, 8, 9, 10, 11, 2, 3, 4, v, 6, 5, 13) is a 
Thus, by symmetry, we need only deal with the case in which (7, 12), 
(9, 121, (11, l2), (3, 12), and (5, 12) are edges. We may then assume that 
(13, 6) is an edge. Hence (13, 6, 5, 4, v, 2, 3, 12, 11, 10, 9, 8, 7) is a 
tonian path, 
FIG. 3. Theorem 1, Case (2b): 13 vertices. 
Case 3. G has a 4-valent vertex v. If there is an n-sided face (E > 7) 
containing v, then, since each vertex has valency at most 4, we need at 
least 14 vertices to ensure the 3-polyhedrality of G. We now subdivide 
this case as follows: 
There is a &sided face containing v. 
There are two adjacent Ssided faces centaikng v. 
There are two non-adjacent Ssidedfaces containing 2;. 
There is one Ssidedface containing v and only $2 vertices. 
There is ooze S-sided face containing v and 13 vertices. 
All faces containing v are 4-sided and there are 1 lb vertices. 
All faces containing v are 4-sided and there are 12 vertices. 
All faces containing v are 4-sided and there are 13 vertices. 
All these possibilities can be dealt with in a similar way and so we shall 
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consider only the last possibility in order to indicate the type of arguments 
used. 
It is clear that each of the vertices 3, 5,7,9 must be joined to one of the 
vertices 10, 11,12,13. First we assume that none of 10, 11,12,13 is joined. 
Then we may assume that (7, 10) is an edge; we may also assume, because 
of the symmetry, that (9, 11) is an edge since, if (9, 10) were an edge, 
11, 12, and 13 could not all be 3-valent. Also, if (5, 11) were an edge, 10 
could not be 3-valent, and so we may assume that (5, 12) is an edge. 
Further, because of the symmetry, (3, 13) must now be an edge. Thus 10 
. 10 
. Ii 
. 12 
. 13 
FIG. 4. Theorem 1, Case (3b): 13 vertices. 
must be joined to 4 and 2, but then 11, 12 and 13 cannot all be 3-valent. 
Hence this case was impossible. We now assume that (10, 11) is an edge 
and that neither of 12, 13 is connected to either of 10, 11. Then we may, 
further, assume that (7, 10) is an edge. Also, as before, since 12 and 13 
are at least 3-valent it is impossible to have 9 joined to either of 10, 11. 
Hence we may assume that (9, 12) is an edge. Also, by symmetry, 5 cannot 
be joined to either of 10, 11. If (5, 12) were an edge, then 10 and 11 could 
not both be 3-valent and so (5, 13) must be an edge. But now 10 and 11 
can be joined only to 2, 3, or 4 so that 12 and 13 cannot both be 3-valent. 
Hence this case was also impossible. We now assume that (10, 11) and 
(12, 13) are edges and that neither of 10, 11 is joined to either of 12, 13. 
Then we may assume that (7, 10) is an edge. If 9 is connected to either of 
12,13 we, clearly, have a Hamiltonian path. Hence, by symmetry, we must 
now assume that 9, 3, and 5 are all joined to either 10 or 11. But then 12 
and 13 cannot both be 3-valent. Thus this case is dealt with. We now 
assume that (10, 11, 12) form a path and that 13 is not joined to any of 
10, 11, 12. Again, we may assume that (7, 10) is an edge. Now, if (5, 13) 
is an edge, we have a Hamiltonian path. Alternatively, we must assume 
that none of 3, 5, 9 is joined to 13, in which case 13 cannot be 3-valent. 
Finally, we may assume that (10, 11, 12, 13) form a path. If these four 
vertices do not form a face, then one of (10,7), (10,9), (10,3), and (10,5) 
must be an edge. In each of these cases we, clearly, have a Hamiltonian 
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path. If 10, 11, 12, 13 do form a face, then it is obvious that a 
path exists. 
Case 4. AlI the vertices are 3-valent. In this case the polytope is simple 
and Barn&e and JucoviC [X] have shown that each of the possibilities that 
arises admits a Hamiltonian circuit. 
ence we have shown that every 3-polytope with less than 14 vertices 
admits a Hamiltonian path. The proof of the theorem is completed by 
noting the example given by Coxeter [2] of a 3-poiytope with 14 vertices 
which does not admit a Hamiltonian path. 
THEOREM 2. The minimum numbers offaces and edges of a 3-polytope 
whose grapEl;h does not admit Hamiltonian paths are 12 and 24, respectively. 
Pro~$ First, we need to show that, if a 3-polyhedral graph G has 
fewer than 12 faces, then it has a Hamiltonian path. Again, because of 
Lemma 5, we need only consider those graphs without triangular faces, 
We note that Lemma 2 implies that, if a polytope has less than 9 faces, 
then it has less than 14 vertices. Hence Theorem 2 ensures the result. 
Thus we need consider only those polytopes with 9, 10, or 1 I faces. 
Case 1. G has 9 faces. By Lemma 2 we see that in this case, G can 
have at most 14 vertices. Using Euler’s theorem we see that G must have 
21 edges, and hence cannot consist only of 4-sided faces. Also it is deal; 
that G cannot have an n-sided face with rz >- 8. 
(1 a> G has a ‘T-sided face. The only possibility is that G is the graph QE 
the heptagonal prism, which clearly has a Hami~t~nian path. 
(lb) G has a Gsidedface f. 
3 4 
FIG. 5. Theorem 2, Case (lb): &sided face. 
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Since G can only have 21 edges, 1 and 2 must both belong to faces of 
G which are adjacent tof. Hence G has a Hamiltonian path. 
(lc) G has a kided face J 
If 1, 2, 3, and 4 all belong to faces of G adjacent tof, then we have a 
Hamiltonian path. Since there are 21 edges we can have at most one of 
these four vertices, 4 say, which does not belong to a face of G adjacent tof. 
In this case (4, l), (4,2), and (4,3) have to be edges. We may assume 
without loss of generality that (9, 10, 11, 5, l), (5, 11, 12, 6,2), and 
(6, 12, 13,7, 3) are faces of G. Then (4, 1, 5,2, 6,3, 7, 8, 9, 10, 11, 12, 13, 
14) is a Hamiltonian path. 
9 6 
01 
02 
l 3 
04 
FIG. 6. Theorem 2, Case (1~): Ssided face. 
Case 2. G has 10 faces. We now see that G can have at most 16 vertices. 
We subdivide the possibilities as follows: 
(20 G has 14 vertices. 
(2i)(a) G has a 7-sidedfacef. 
(2i)(b) G has a 6-sidedface f. 
(2i)(c) G has a 5-sidedface 
(2ii) G has 15 vertices. 
(2ii)(a) G has a 7-sided face f. 
(2ii)(b) G has a 6-sided face j 
(2ii)(c) G has a 5-sided face5 
(2iii) G has 16 vertices. 
(2iii)(a) G has an &sided face $ 
(2iii)(b) G has a 7-sided face f. 
(2iii)(c) G has a 6-sided face f. 
(2iii)(d) G has a 5-sided face f. 
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Again, we shall just consider (2ii)(c) in order to illustrate the type of 
arguments that will deal with all these cases. 
Here G has 15 vertices, 10 faces, and therefore 23 edges, and in this case 
we must have six 5-sided faces and four &sided faces. ence at most four 
of I, 2,3,4,5 do not belong to faces adjacent tof. Further, since there are 
23 edges we can have at most two of 1, 2, 3, 4, 5 not belonging to faces 
adjacent to fD Let 4 and 2 be two such vertices. Then, since there are only 
23 edges and because of the symmetry, we may assume that (I 9 2) and (Ii 3) 
are edges and that (3, 10, 11, 12, 6), (4, 6, 12, 13, 7) and (5, 7, 13, 14, 8) 
6 
FIG. 7. Theorem 2, Case (2ii)(c): 5-sided fice. 
are faces. Then we see that (2, 1, 3, 10, 9, 8, 5,7,4, 6, 12, 11, 15, 14, 13) is 
a Hamiltonian path. Now we assume that I is the only vertex which does 
not belong to a face adjacent to f. Again we may assume that (1,2) is an 
edge and hence we deduce that there is a Hamiltonian path. Finally, if all 
vertices belong to faces adjacent to f, then it is clear that G admits a 
Hamiltonian path. 
Case 3. G has 11 faces. We now see that G can have at most 18 vertices. 
We subdivide the possibilities as follows: 
(39 G has 14 vertices. 
(3i)(a) G has a 6-sided face f. 
(3i)(b) G has a Ssidedfacef. 
@ii) G has 1.5 vertices. 
(3ii)(a) G has a ‘I-sided face f. 
(3@(b) G has a 6-sided face jI 
(3ii)(c) G has a 5sided face jI 
5&b/m/z-4 
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(3iii) G has 16 vertices. 
(3iii)(a) G has an a-sided face J 
(3iii)(b) G has a 7-sided face f. 
(3iii)(c) G has a 6-sidedfacef. 
(3iii)(d) G has a 5-sidedfaceJ: 
(3iv) G has 17 vertices. 
(W4 G has an &sided face J 
(W(b) G has a 7-sided face J 
(W(c) G has a 6-sided face$ 
W)(d) G has a 5-sided face jI 
(39 G has 18 vertices. 
W)(a) G has a 9-sided face J: 
(W(b) G has an 8-sided face 5 
(3W G has a 7-sidedface f. 
(W(d) G has a B-sided face J: 
(W(e) G has a 5-sided face f- 
Here, in order to illustrate the type of arguments required, we deal 
with (3ii)(c). 
I 95 
6 
FIG. 8. Theorem 2, Case (3ii)(c): hided face. 
Here G has 11 faces, 15 vertices, and therefore 24 edges. As there are 
only 24 edges, at most four of 1, 2, 3, 4, 5 need not lie in a face adjacent 
tof. Let 1,2,3,4 be four such vertices, then because there are only 24 edges 
(1,2,3,4) must be a face of G and so it is clear that there is a Hamiltonian 
path. Now assume that there are three vertices not belonging to faces 
adjacent to f, let them be 1, 2, 3. Then, since there are 24 edges, (1,2,3) 
must form a path and hence it is clear that G admits a Hamiltonian path. 
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Since we must have four S-sided faces and seven 4-sided faces, the only 
remaining possibility is that there are two vertices which do not 
faces adjacent to 5 Let 1 and 2 be two such vertices, then if (I, 2) is an 
edge we, clearly, have a Hamiltonian path. Otherwise the possibilities are 
shown in Fig. 9, with Hamiltonian paths as indicated. 
FIG. 9. Theorem 2, examples of (3iij(c). 
Hence we have shown that every J-polyhedral graph 6; with fewer than 
12 faces has a Hamiltonian path. Thus combining this result with 
Theorem 1 and Euler’s theorem, we see that every 3-polyhedral graph G 
with fewer than 24 egdes has a Hamiltonian path. The proof of the theorem 
is completed by noting that the example given at the end of the proof of 
Theorem 1 has 12 faces, 24 edges, and no Hamiitonian path. 
THEOREM 3. The minimum number of vertices and edges or ,fkets of a 
sirn~~ic~~~ 3-polytope whose graph does not admit ~~rni~t~~~~l~ paths is 14 
and 36 or 24, respectively. 
FIG. 10. A simplicial 3-polytope with 14 vertices and no Eamiltonian path. 
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Proof. If Y denotes the number of vertices, E the number of edges, and 
F the number of faces of a simplicial3-polytope, then we see that 3F = 2E; 
using this and Euler’s theorem we see that, whenver a simplicial3-polytope 
has less than 14 vertices, it also has less than 36 edges and less than 24 
faces. In fact, each of these restrictions implies the other two. Hence to 
complete the proof of the theorem we need to exhibit a simplicial polytope 
with 14 vertices and no Hamiltonian path. The example given in Fig. 10 
is a result of “splitting” the faces of Coxeter’s example [2], and clearly 
satisfies our requirements. 
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